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Abstract

The con®ned ¯ow around a cylinder with square cross-section mounted inside a plane channel (blockage ratio B � 1=8) was

investigated in detail by two entirely di�erent numerical techniques, namely a lattice-Boltzmann automata (LBA) and a ®nite-

volume method (FVM). In order to restrict the approach to 2D computations, the largest Reynolds number chosen was Re � 300

based on the maximum in¯ow velocity and the chord length of the square cylinder. The LBA was built up on the D2Q9 model and

the single relaxation time method called the lattice-BGK method. The ®nite-volume code was based on an incompressible Navier±

Stokes solver for arbitrary non-orthogonal, body-®tted grids. Both numerical methods are of second-order accuracy in space and

time. Accurate computations were carried out on grids with di�erent resolutions. The results of both methods were evaluated and

compared in detail. Both velocity pro®les and integral parameters such as drag coe�cient, recirculation length and Strouhal number

were investigated. Excellent agreement between the LBA and FVM computations was found. Ó 2000 Elsevier Science Inc. All

rights reserved.
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1. Introduction

The ¯ow past blu� bodies, especially cylinders, have been
an attraction in all kinds of ¯uid mechanical investigations for
a long time. Most of these studies were concerned with the
circular cylinder case under free ¯ow conditions. Excellent
reviews on this topic were written by Williamson (1996) and
Zdravkovich (1997). In contrast to the overwhelming number
of publications on the ¯ow past circular cylinders, the square
counterpart has not been investigated to the same extent, al-
though it plays a dominant role in many technical applications
such as building aerodynamics; for details, see, e.g., Franke
(1991), Franke et al. (1990), Klekar and Patankar (1992),
Davis and Moore (1982), Davis et al. (1984), Okajima (1982,
1990), Mukhopadhyay et al. (1992) and Suzuki et al. (1993).
Owing to ®xed separation points for sharp-edged bodies, it is
generally accepted that aerodynamic coe�cients are less de-
pendent on the Reynolds number than for circular structures.

Depending on the Reynolds number, di�erent ¯ow regimes
can be distinguished for a square cylinder (Franke, 1991). At

very small Reynolds numbers (Re < 1), viscous forces domi-
nate the ¯ow. For this creeping ¯ow, no separation takes place
at the surface of the cylinder. With increasing Re, the ¯ow
separates ®rst at the trailing edges of the cylinder and a closed
steady recirculation region consisting of two symmetric vorti-
ces is observed behind the body. The size of the recirculation
region increases with increase in Re. When a critical Reynolds
number Recrit is exceeded, the well-known von K�arm�an vortex
street with periodic vortex shedding from the cylinder can be
detected in the wake. Di�erent values of Recrit exist in the lit-
erature. Based on experimental investigations, Okajima (1982)
found periodic vortex motion at Re � 70 leading to an upper
limit of Recrit6 70. A smaller value (Recrit � 54) was deter-
mined by Klekar and Patankar (1992) based on a stability
analysis of the ¯ow. When the Reynolds number is further
increased, the ¯ow separates at the leading edges of the cyl-
inder. The onset of this phenomenon is not clearly de®ned in
the literature; only a wide range of Re� 100 to 150 is given
(Okajima, 1982; Franke, 1991). In this Reynolds number
range, the ¯ow past square cylinders can still be considered as
2D. In contrast to the circular cylinder ¯ow for which Wil-
liamson (1996) provides a Reynolds number limit of Re � 180
for the onset of 3D structures in the wake, no such clear
statement can be found for the square counterpart. A rough
hint is given by Franke (1991) with Re6 300. Therefore, this
Reynolds number was chosen as the upper limit of the present
2D laminar simulations. Beyond this limit 3D structures have
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to be expected and subsequently transition to turbulence takes
place in the free shear layers.

Only a few studies have dealt with the in¯uence of con®ning
walls on the ¯ow phenomena around square cylinders (see,
e.g., Davis and Moore, 1982; Li and Humphrey, 1995). In
comparison with the free ¯ow case, two new parameters have
to be taken into account, the in¯ow pro®le and the blockage
ratio. As shown by Davis et al. (1984), the vortex shedding
frequency depends strongly on the in¯ow pro®le. In the ex-
perimental investigations by Shair et al. (1963) and Davis et al.
(1984), non-negligible deviations between the velocity pro®les
far upstream of the cylinder and the parabolic distribution
expected for fully developed laminar channel ¯ow were ob-
served. Therefore, this aspect has to be kept in mind for
comparison between experimental and numerical investiga-
tions which typically apply the theoretical velocity pro®le as
in¯ow conditions. The second parameter which plays a dom-
inant role in the con®ned cylinder ¯ow is the blockage ratio of
the channel, de®ned as B � D=H , where D is the diameter of
the cylinder and H is the channel height. It is generally ac-
cepted that for a ®xed Reynolds number, an increasing
blockage ratio leads to an increase in the Strouhal number.
This holds true for both circular and square cylinders, al-
though the movement of the separation points cannot be re-
sponsible for this phenomenon for a sharp-edged body as
assumed for a round geometry.

Davis et al. (1984) investigated the con®ned ¯ow past
square cylinders for a wide range of Re and two di�erent
blockage ratios (B � 1=6 and 1/4), experimentally and nu-
merically. Depending on the blockage ratio, a maximum
Strouhal number was observed at Re�Remax� 200 to 350. 2

For higher Re the Strouhal number decreases again and
reaches an almost constant level. As mentioned above, non-
parabolic velocity pro®les were measured upstream of the
cylinder. Because most numerical predictions were based on
these measured in¯ow pro®les, a direct comparison with the
present study is possible only for the additional cases in which
a parabolic pro®le was assumed. These computations were
based on a ®nite-volume code and non-equidistant coarse grids
of 76� 42 and 76� 52 grid points.

Two-dimensional numerical simulations were also carried
out by Mukhopadhyay et al. (1992) for the Re range 90±1200,
two blockage ratios (B � 1=8 and 1/4) and a parabolic in¯ow
pro®le. With respect to the Reynolds number of the corre-
sponding channel ¯ow, the upper limit of Re in this investi-
gation seems to be highly questionable because a turbulent
¯ow in the channel has to be expected under these conditions.
For the simulations two di�erent equidistant grids with
200� 34 and 396� 66 grid points were used. Because no
clustering of grid points in the vicinity of the cylinder was
applied, each surface was resolved by only four or eight con-
trol volumes, respectively. As will be shown below, this reso-
lution is de®nitely much too coarse to provide reliable results.

Suzuki et al. (1993) performed simulations (56:36Re6 225,
B � 1=20±1=5) on a non-equidistant grid with 207� 54 grid
points, claiming to have achieved grid independence. However,
based on the present study, it is questionable that this is pos-
sible with the resolution used, especially for the higher Rey-
nolds number cases in which separation starts at the leading
edge of the cylinder. For a blockage ratio B � 1=5, Suzuki et al.
(1993) computed Strouhal numbers over a wide Re range and
found a maximum at Re � Remax � 150.

A comparison of the di�erent data mentioned above shows
a large scatter of the results already for integral parameters

such as the Strouhal number (see, e.g., Fig. 9). There is evi-
dently a lack of reliable experimental and numerical data for
this ¯ow case. The objective of the present study was to yield a
contribution to close this gap. In order to provide trustworthy
results, two totally di�erent numerical methods (lattice-Boltz-
mann automata (LBA) and ®nite-volume method (FVM))
were applied and special attention was paid to the analysis of
the accuracy of the solutions in terms of grid independence.
For a ®xed blockage ratio B � 1=8, the laminar 2D ¯ow ®eld
was computed in the Reynolds number range 0:56Re6 300.
The results were evaluated in detail based on velocity ®elds and
integral parameters and compared with previous numerical
and experimental studies.

It should be stated clearly that the objective of this work
was not to make a comparison of both numerical algorithms
with respect to computational e�ciency in terms of CPU time
and memory requirements. This was already the topic of a
previous work (Bernsdorf et al., 1999), which demonstrated
that the FVM approach is more e�cient for simple geometries
whereas the LBA is advantageous for highly complex geome-
tries such as those occurring in porous media (e.g. sedimentary
layers). Therefore, besides the physics of the ¯ow past a square
cylinder, the paper focuses on the comparison of the accuracy
of both methods. Similar investigations have been carried out
by Eggels and Somers (1995) for a non-isothermal free con-
vective ¯ow in a square cavity and by Eggels (1996) for the
direct numerical simulation of fully developed turbulent
channel ¯ow with heat transfer.

2. Description of numerical methods

In the following sections a brief introduction to the two
di�erent numerical methods is given. For a more detailed de-
scription, we refer to the literature cited.

2.1. Lattice-Boltzmann automata (LBA)

An alternative approach to the well-known ®nite-volume,
®nite-di�erence and ®nite-element techniques for solving the
Navier±Stokes equations are the new lattice-gas/Boltzmann
methods (Frisch et al., 1987), which treat the ¯uid on a sta-
tistical level, simulating the movement and interaction of single
particles or ensemble-averaged particle density distributions by
solving a velocity discrete Boltzmann-type equation.

The lattice-Boltzmann method has been shown to be a very
e�cient tool for ¯ow simulation in highly complex geometries
discretized by up to several million grid points (Bernsdorf and
Sch�afer, 1997; Bernsdorf et al., 1998, 1999; Zeiser, 1998). All
numerical simulations presented in this paper were performed
with an implementation (BEST) of the lattice-Boltzmann
method proposed by Qian et al. (1992), which will be brie¯y
described here.

For simplicity, an equidistant orthogonal lattice is chosen
for common LBA computations. This could be done without a
signi®cant loss of memory and performance, since the LBA
requires much less memory and CPU time than conventional
FVM. On every lattice node ~r�, a set of i real numbers, the
particle density distributions Ni, is stored. The updating of the
lattice consists of basically two steps: a streaming process,
where the particle densities are shifted in discrete time steps t�
through the lattice along the connection lines in direction ~ci to
their next neighboring nodes ~r� � ~ci, and a relaxation step,
where locally a new particle distribution is computed by
evaluating an equivalent to the Boltzmann collision integrals
(DBoltz

i ). For every time step, all quantities appearing in the
Navier±Stokes equations (velocity, density, pressure gradient
and viscosity) can locally be computed in terms of simple

2 The Reynolds number Re � Remax is based on the maximum

velocity of the in¯ow pro®le.
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functions of this density distribution and (for the viscosity) of
the relaxation parameter x.

For the present computations, a 2D nine-speed (D2Q9)
lattice-Boltzmann automata with single time Bhatnagar±
Gross±Krook (Bhatnagar et al. (1954)) relaxation collision
operator DBoltz

i proposed by Qian et al. (1992) is used

Ni�t� � 1; ~r� �~ci� � Ni�t�; ~r�� � DBoltz
i ; �1�

DBoltz
i � x�N eq

i ÿ Ni� �2�
with a local equilibrium distribution function N eq

i

N eq
i � tp. 1

�
� ciaua

c2
s

� uaub

2c2
s

ciacib

c2
s

�
ÿ dab

��
: �3�

This local equilibrium distribution function N eq
i has to be

computed every time step for every node from the components
of the local ¯ow velocities ua and ub, the ¯uid density ., a
lattice geometry weighting factor tp and the speed of sound cs,
which we chose to recover the incompressible time-dependent
Navier±Stokes equations (Qian et al., 1992)

ot.� oa�.ua� � 0; �4�

ot�.ua� � ob�.uaub� � ÿoap � lob obua

ÿ � oaub

�
: �5�

If the problem of proper wall boundary conditions is ex-
cepted (see discussion below), the present LBA method is of
second-order accuracy in space and time (Qian et al., 1992).
BEST is highly optimized for vector-parallel machines such as
the NEC SX-4, the Fujitsu VPP 700 or the CRAY T90. A
sustained performance of 7±8.5 million lattice site updates per
second is achieved on one processor of the above-mentioned
machines.

2.2. Finite-volume method (FVM)

The applied code LESOCC is based on a 3D FVM for
arbitrary non-orthogonal and non-staggered grids. It was
originally developed for simulating incompressible turbulent
¯ows of practical relevance by the large eddy simulation (LES)
technique (Breuer and Rodi, 1994, 1996; Breuer et al., 1996;
Breuer and Pourqui�e, 1996; Breuer, 1998a,b, 1999). Owing to
the high demands of LES with respect to spatial and temporal
accuracy, the method is also well suited for the accurate
computation of time-dependent laminar ¯ows. Five di�erent
options are implemented in LESOCC for the approximation of
convective ¯uxes. However, based on experience in previous
investigations (Breuer, 1998b), only central di�erences of sec-
ond-order accuracy are applied for both the convective and the
viscous ¯uxes. Time advancement is performed by a predictor±
corrector scheme. A low-storage multi-stage Runge±Kutta
method (three sub-steps, second-order accurate in time) is
applied for integrating the momentum equations in the pre-
dictor step. Within the corrector step, the Poisson equation for
the pressure correction (SIMPLE) is solved implicitly by an
incomplete LU decomposition method. Explicit time marching
works well for LES with small time steps necessary to resolve
turbulence motion in time. For time accurate predictions of
laminar ¯ows, explicit time marching is also the proper choice.

On non-staggered grids such as used in the present inves-
tigation, a special interpolation technique for the cell face ve-
locities is necessary to avoid the decoupling of pressure and
velocity components leading to non-physical oscillations.
These cell face velocities are needed to determine the mass
¯uxes at the cell faces. The momentum interpolation of Rhie
and Chow (1983) provides a proper coupling procedure. The
in¯uence of this approach on the solution was investigated in
detail by Miller and Schmidt (1988) and Kobayashi and

Pereira (1991). They found that the momentum interpolation
on non-staggered grids is nearly equivalent to the SIMPLE
algorithm on staggered grids concerning formal error analysis
and the attained accuracy of the calculations.

Of course, all models necessary to approximate the non-
resolvable subgrid scales in LES are turned o� for the laminar
simulations. Recently, LESOCC was extended by a multi-
block structure, strongly improving the possibility of resolving
complex geometries. Furthermore, the multi-block implemen-
tation was also the basis for parallelization by domain de-
composition and message passing (MPI). LESOCC is highly
vectorized (vectorization rate > 99:8%), allowing one to per-
form e�cient computations on vector-parallel machines.
Typical sustained performances are � 4:0 G¯ops on four
processors of a NEC SX-4 machine and � 3:7 G¯ops on a
Fujitsu VPP 300/700.

3. Details of the test case

3.1. Geometry of the computational domain and grids

The 2D laminar ¯ow around a square cylinder with diam-
eter D mounted centered inside a plane channel (height H) was
investigated (see Fig. 1). The blockage ratio was ®xed at
B � 1=8. In order to reduce the in¯uence of in¯ow and out¯ow
boundary conditions, the length of the channel was set to
L=D � 50. For the FVM computations an in¯ow length of
l � L=4 was chosen. In the LBA simulations, the in¯ow length
was varied between l � L=4 and l � L=3 to investigate the
in¯uence of di�erent in¯ow and out¯ow lengths. However,
only negligible deviations in the results were found.

The LBA method allows the application of simple orthog-
onal equidistant lattices/grids. This lattice type makes (semi-
automatic) integration of arbitrary complex geometries very
easy: single lattice nodes are either occupied by an elementary
obstacle or they are free (marker and cell approach). The FVM
is written for general body-®tted curvilinear coordinates.
Owing to the speci®c geometry in the present study, only
Cartesian grids are applied. However, in contrast to the LBA,
the FVM allows the application of non-equidistant stretched
grids. This has the advantage that grid points can be clustered
in regions of large gradients (e.g. in the vicinity of the cylinder)
and coarser grids can be used in regions of minor interest.
Consequently, fewer grid points are necessary for the FVM to
achieve the same accuracy as the LBA. Table 1 gives an
overview of all grids used in the present study. Four di�erent
equidistant grids with up to 640,000 lattice nodes were gener-
ated for the LBA. The number of lattice nodes on each side of
the square cylinder varies between 10 and 40, leading to
smallest distances between lattice nodes of 0:1D to 0:025D.
Three di�erent grids were used for the FVM. The ®rst is equal
to the coarsest grid for LBA. The second and third are stret-
ched grids (geometrical series) where the grid points are highly
clustered in the vicinity of the cylinder. On the ®nest grid each

Fig. 1. De®nition of the geometry and integration domain.
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face of the cylinder is discretized by 100 control volumes (CV)
and the smallest CV has a chord length of 0:01D, which is 2:5
times smaller than on the ®nest grid for LBA.

3.2. Boundary conditions

3.2.1. Wall boundary conditions
There is a long and still ongoing discussion on the proper

use of wall boundary conditions within the framework of
LBA (Noble et al., 1995a,b; Ziegler, 1993; Skordos, 1993;
Inamuro et al., 1995). It is often argued that the so-called
`bounce back' wall boundary conditions, which are also used
in the present implementation (BEST) of the LBA scheme, are
of ®rst-order accuracy, whereas the lattice-Boltzmann equa-
tion is of second-order. However, recent investigations
showed that the error produced by the bounce back boundary
condition is su�ciently small if the relaxation parameter x is
close enough to 2 (Inamuro et al., 1995), allowing a precise
knowledge of the wall position with zero ¯ow velocity.
Therefore, we believe that the bounce back conditions can be
used without any in¯uence on the order of the LBA scheme, if
x is chosen within a suitable range. Furthermore, the bounce
back condition is the most e�cient one for arbitrary complex
geometries, which are most typical for the application of
LBA.

In the framework of FVM for laminar ¯ows, solid walls can
be easily modeled by Stokes' no-slip wall boundary condition
assuming ~v � 0 at the wall. In contrast to the bounce back
condition for LBA, there is no question about the no-slip
condition for incompressible ¯ows.

3.2.2. In¯ow boundary conditions
In order to simulate a fully developed laminar channel ¯ow

upstream of the square cylinder, a parabolic velocity pro®le
with a maximum velocity umax is prescribed at the channel
inlet. This velocity was chosen to be lower than 10% of the
speed of sound for the LBA simulations to avoid signi®cant
compressibility e�ects which are known to increase with the
square of the Mach number (Maier and Bernard, 1997). For
the LBA the pressure at the inlet is extrapolated upstream, and
the equilibrium density distribution (Eq. (3)) was computed
from that pressure and the given velocity and imposed at the
®rst lattice column. The inlet region was chosen to be long
enough to ensure that a slight error which occurs when only
the equilibrium distribution is taken into account has no in-
¯uence on the results presented hereafter. The FVM does not
require any boundary condition for the pressure.

3.2.3. Out¯ow boundary conditions
At the out¯ow boundary slightly di�erent boundary con-

ditions are used for LBA and FVM. However, owing to the
extremely large integration domain behind the cylinder, no
in¯uence is expected for the solution in the vicinity of the

cylinder. For LBA a ®xed pressure is imposed in terms of the
equilibrium distribution function on the outlet. For this task,
the velocity components are extrapolated downstream. For the
®nite-volume code a convective boundary condition given by

oui

ot
� uconv

oui

ox
� 0 �6�

is used at the out¯ow boundary, where uconv was set equal to
the maximum velocity umax of the in¯ow pro®le. This condition
ensures that vortices can approach and pass the out¯ow
boundary without signi®cant disturbances or re¯ections into
the inner domain. In all previous computations of di�erent test
cases (Breuer and Rodi, 1994, 1996; Breuer and Pourqui�e,
1996; Breuer, 1998b, 1999), the convective boundary condition
was found to work very well. Likewise, no di�culties were
observed in the case of the square cylinder ¯ow.

4. Results and discussion

A Reynolds number range 0:56Re6 300 was investigated
numerically, where Re is based on the cylinder diameter D and
the maximum ¯ow velocity umax of the parabolic in¯ow pro®le.
The following section starts with a description of the di�erent
¯ow patterns observed with increasing Re. The subsequent
sections present a detailed comparison of the computed results
(LBA and FVM) based on velocity pro®les at several positions
in the ¯ow ®eld. Furthermore, the computations are analyzed
and compared regarding integral ¯ow parameters such as re-
circulation length, Strouhal number and dimensionless force
coe�cients (lift and drag).

4.1. Flow pattern

Fig. 2 shows computational results (FVM) in the vicinity of
the cylinder by streamlines at four di�erent Reynolds numbers
(Re � 1; 30; 60; 200), each characterizing a totally di�erent ¯ow
regime. At low Re6 1, the creeping steady ¯ow past the square
cylinder persists without separation (Fig. 2(a)). The magnitude
of viscous forces decreases with increasing Re until a certain
value, at which separation of the laminar boundary layers
occurs. In comparison with the circular counterpart, for which
a value of Re � 5 was found (Zdravkovich, 1997), separation
at the trailing edges of the sharp-edged body can be observed
at lower Re. Above this limit the wake comprises a steady
recirculation region of two symmetrically placed vortices on
each side of the wake, as shown in Fig. 2(b) at Re � 30, whose
length grows as Re increases. The same trend was observed for
circular cylinders. Owing to the sharp corners, the separation
point is ®xed at the trailing edge and the ¯ow is attached at the
side walls. The steady, elongated and closed near-wake be-
comes unstable when Re > Recrit (Fig. 2(c)). The transverse
oscillation starts at the end of the near-wake and initiates a

Table 1

Overview of all grids used

Method Total number of CV Grid type Number of CV

on cylinder

Smallest CV

at cylinder/D

Maximum stretching

factor

LBA 500� 80 Equidistant 10 0.1 1

LBA 1000� 160 Equidistant 20 0.05 1

LBA 1500� 240 Equidistant 30 0.033 1

LBA 2000� 320 Equidistant 40 0.025 1

FVM 500� 80 Equidistant 10 0.1 1

FVM 400� 240 Non-equidistant 80 0.01 1.03

FVM 560� 340 Non-equidistant 100 0.01 1.02
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wave along the trail. This phenomenon is visualized by
streaklines in Fig. 3(a) (Re � 60). Weightless particles released
at di�erent sources in front of the cylinder were integrated
during the time-dependent ¯ow computation. For the circular
cylinder the onset of the wake instability was found to be a
manifestation of a Hopf bifurcation (Williamson, 1996) and
there is no counter-argument available to indicate that the
same mechanism is responsible for the square cylinder. As

stated in Section 1, Klekar and Patankar (1992) determined a
critical value of Recrit � 54. Although this limit depends on
¯ow parameters such as the blockage ratio, a similar value
(Recrit � 60) was observed in the present computations. When
Re is further increased the free shear layers begin to roll up and
form eddies as shown in Fig. 3(b) at Re � 100. This phenom-
enon is well known as the von K�arm�an vortex street. The
wavelength of vortex shedding decreases with rising Re, as seen

Fig. 3. Streaklines around the square cylinder for di�erent Reynolds numbers (a) Re � 60; (b) Re � 100; (c) Re � 200; (d) Re � 300.

Fig. 2. Streamlines around the square cylinder for di�erent Reynolds numbers (a) Re � 1; (b) Re � 30; (c) Re � 60; (d) Re � 200.
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in Fig. 3(a)±(c). Another important change in the ¯ow struc-
ture is observed in the range Re� 100 to 150, where separation
already starts at the leading edge of the cylinder (Fig. 2 (d),
Re � 200). As will be seen below, this strongly in¯uences the
frequency of vortex shedding. The upper limit of this laminar
2D shedding has an enormous spread in the literature. Pre-
liminary 3D simulations have shown that the ¯ow computa-
tion shown in Fig. 3(d) at Re � 300 is slightly beyond the limit
where 2D simulations can be carried out. The deviations from
fully periodic structures in the far-wake are also a clear hint for
this statement. Furthermore, it should be taken into account
that the Reynolds number based on the channel height H and
the mean velocity umean in the channel is already
Rechannel � 1600 for this case. Therefore, owing to the trigger-
ing e�ect of the obstacle on the channel ¯ow, transition to
turbulence has to be expected leading to 3D structures in the
wake.

4.2. Steady ¯ow: 0:56Re < 60

4.2.1. Recirculation length
The length of the closed near-wake (Lr) has been measured

for a circular cylinder, eliminating the e�ect of blockage by
extrapolating the measured data to B!1. Then the empirical
relationship is linear (Zdravkovich, 1997)

Lr=D � 0:05 Re for 4:4 < Re < 40: �7�
Fig. 4 summarizes the computed values for the recirculation

length Lr for a square cylinder inside a channel as a function of
the Reynolds number. First, in Fig. 4(a) the FVM results ob-
tained on the three di�erent grids are compared in order to
prove grid independence. On the coarsest grid the recirculation
length is slightly shorter than that on the medium and ®ne grid.
The agreement between the two non-equidistant grids is ex-
cellent over the entire Reynolds number range. No improve-
ments can be expected by further grid re®nement. Fig. 4(b)
shows a comparison of the LBA and FVM results based on the
®nest grids used for both the methods (see Table 1). The
computed values for Lr coincide extremely well, showing a
linear dependence on the Reynolds number. Similarly to the
relationship (7) for the circular cylinder, a curve ®t of the
square cylinder results (B � 1=8) leads to

Lr=D � ÿ0:065� 0:0554 Re for 5 < Re < 60; �8�
which is also plotted in Fig. 4(b). As a consequence, the re-
circulation length of the con®ned square cylinder ¯ow is
slightly shorter in comparison with the circular counterpart in
free stream for Reynolds numbers below Re � 12 and larger

above this value. Unfortunately, no experimental data for
comparison can be found in the literature for the square
cylinder.

4.2.2. Drag coe�cient
One of the most important characteristic quantities of the

¯ow around a cylinder is the drag coe�cient Cd. In the region
of small Reynolds numbers the drag coe�cient varies strongly
with Re. The contributions of the viscous and pressure forces
to the total drag are of the same order of magnitude. A
comparison of the computed FVM results on the three dif-
ferent grids is shown in Fig. 5(a) for the steady-state results in
the range 0:56Re6 60. On the coarsest grid the drag coe�-
cient is slightly smaller than on the medium and ®ne grid, es-
pecially at the lower end of the Re range. The agreement
between the results of the two non-equidistant grids is excellent
over the entire Reynolds number range. As mentioned before,
no improvements are expected on further grid re®nement. Fig.
5(b) shows a comparison of the LBA and FVM data on the
®nest grid levels for 106Re6 60. Deviations between the LBA
and FVM results occur for small Reynolds numbers, whereas
the agreement for the upper Re range considered is satisfac-
tory. As the discrepancies are larger in the lower Re range,
where the viscous forces play a dominant role for the drag, it
can be concluded that an insu�cient resolution of the
boundary layers by the LBA method is responsible for this
behavior. This also agrees with the observations based on the
FVM results on the coarsest grid, which show larger discrep-
ancies with the ®ne grid solutions at the lower end of the Re
range.

4.3. Unsteady ¯ow: 606Re6 300

4.3.1. Velocity pro®les
In order to make a detailed comparison of the LBA and

FVM results, velocity pro®les at di�erent positions in the ¯ow
®eld were extracted for Re � 100. As the ¯ow is unsteady at
this Re, it was ®rst necessary to de®ne the moment of evalu-
ation. In the present study this is given by the time level at
which the cross-stream velocity V at an axial position of 10D
behind the cylinder (x � 10:5; y � 0) changes its sign from
minus to plus. Fig. 6 shows the velocity distribution of both
velocity components along the centerline. Both LBA and FVM
results were achieved on the ®nest grid (Table 1). The agree-
ment between the LBA and FVM simulations is excellent in
the upstream region, in the vicinity of the cylinder and also in
the downstream region up to about 12D. In the far-wake
> 12D small deviations occur. However, these can be

Fig. 4. Computed recirculation length Lr vs. Reynolds number. (a) Comparison of di�erent FVM results; (b) comparison of FVM and LBA results

on ®nest grids.
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explained. Owing to the stretched grids used in the FVM
computations, the resolution in the vicinity of the cylinder is
higher than that for the LBA simulations, whereas in the far-
wake the grid is much coarser. This is a typical con®guration
when ¯ows around bodies are investigated and special atten-
tion is paid to the vicinity of the structure. Owing to the pre-
sent version of the LBA (equidistant grids), this strategy was
not applied, leading to a higher resolution and therefore more
accurate results for LBA compared with FVM.

Fig. 7 shows velocity pro®les of U and V at three di�erent
axial positions, x � 0; 4 and 8. For the pro®le through the
center of the cylinder (x � 0), no deviations are visible between
the two sets of results. Further downstream small deviations
occur, especially for the V component which is smaller than U
and therefore more di�cult to predict correctly. For the as-
sessment of the agreement between the results of the di�erent
numerical methods, it should be taken into account that the
¯ow is very unsteady. Therefore, the de®nition of the moment

Fig. 7. Comparison of instantaneous LBA and FVM results at a certain moment (see text for explanation): (a) streamwise (U) and (b) cross-stream

(V) velocities at three di�erent positions in the ¯ow ®eld, center of cylinder (x � 0), near-wake (x � 4) and far-wake (x � 8), Re � 100.

Fig. 5. Computed drag coe�cient Cd vs. Reynolds number for steady ¯ow. (a) Comparison of di�erent FVM results; (b) comparison of FVM and

LBA results on ®nest grids.

Fig. 6. Comparison of instantaneous LBA and FVM results at a certain moment (see text for explanation): (a) streamwise (U) and (b) cross-stream

(V) velocities along the centerline (y � 0), Re � 100.
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of evaluation has a strong in¯uence on the results. Owing to
®nite time steps (and also ®nite spatial resolution), the accu-
racy in time is in the worst case one time step size. Therefore,
an exact agreement between the computational results cannot
be expected.

4.3.2. Strouhal number
One important quantity taken into account in the present

analysis is the Strouhal number St, computed from the cylin-
der diameter D, the measured frequency of the vortex shedding
f and the maximum velocity umax at the in¯ow plane

St � fD
umax

: �9�

The characteristic frequency f was determined by a spectral
analysis (fast Fourier transformation, FFT) of time series of
the lift coe�cient Cl. Fig. 8 summarizes the computational
results of both methods, where the LBA data are represented
by lines and the FVM results are given by symbols (partly with
lines). All simulations, including those on the coarse grids,
agree fairly well in the Re range 606Re6 133, showing an
increase in the Strouhal number with increasing Re. At the
upper limit of this range an important change in the ¯ow
structure takes place, namely the movement of the separation
point from the trailing edge to the leading edge of the square
cylinder. As expected, the separation on the side walls is
strongly in¯uenced by the resolution in the vicinity of the

body. Therefore, the results of both methods on the coarsest
grid with only 10 points on each surface do not have to be
discussed seriously. At the ®nest resolution of the LBA, each
side of the cylinder is represented by 40 nodes with a smallest
distance to the wall of 0:025D. The FVM applies 100 CV at
each surface on the ®nest level with a 2.5 times smaller wall
distance (stretched grid), resulting in a much ®ner resolution
for the vicinity of the cylinder. Therefore, the small discrep-
ancies between the computed Strouhal numbers of LBA and
FVM at Re > 133 are probably due to the insu�cient resolu-
tion of the recirculation regions at the side walls for LBA.
However, owing to resource limitations, no further re®nement
was taken into account for the LBA. The Strouhal number has
a maximum at about Re� 150 to 160 and decreases again for
higher Re. With the exception of the results on the coarsest
grids, the agreement between the LBA and FVM data is
reasonable.

In order to demonstrate this good coincidence in compar-
ison with data from the literature, Fig. 9 provides a collection
of di�erent numerical investigations for blockage ratios B� 0
to 1/4. No experimental data are available for a parabolic in-
¯ow pro®le. Mukhopadhyay et al. (1992) carried out numeri-
cal simulations for the Re range 906Re6 1200 with
equidistant grids of up to 396� 66 CV, resulting in an ex-
tremely coarse resolution of 8� 8 grid points on the side walls
of the cylinder. For B � 1=8 the Strouhal numbers increase
with increase in Re without showing a maximum. In com-
parison with the present results included in Fig. 9, the Strouhal
numbers of Mukhopadhyay et al. (1992) are much smaller.
However, especially the St values for high Re are highly
questionable because the ¯ow should be turbulent inside the
channel at the upper limit of the computed Re range. For
B � 1=4 the St curve looks totally di�erent and has a maxi-
mum at Re � 200. Suzuki et al. (1993) also carried out nu-
merical investigations. They applied a non-equidistant grid
with 207� 54 CV. Three di�erent blockage ratios
(B � 1=20; 1=10; 1=5) were evaluated. However, only for
B � 1=5 are enough values available to determine the St �Re�
relationship plotted in Fig. 9. The curve has a maximum at
Re � 150 and is in good agreement with the results of the
present study, although the blockage ratio is higher. Davis
et al. (1984) investigated this ¯ow problem experimentally and
numerically for B � 1=6 and 1=4. However, in the experi-
mental investigations non-parabolic in¯ow pro®les were de-
tected. For the numerical simulations only one St value is
given for each blockage ratio in the Re range of the present
work. Franke et al. (1990) computed the laminar cylinder ¯ow
under free stream conditions (B � 0). They found a similar

Fig. 9. Comparison of computed Strouhal numbers (LBA and FVM) on ®nest grids with data from the literature. (a) Entire St �Re� range; (b) zoom

of the interesting region, same legend as in (a).

Fig. 8. Computed Strouhal numbers vs. Reynolds number for LBA

and FVM on di�erent grids.
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St�Re� curve to that in the present investigation with a maxi-
mum at Re � 150. However, the St values are slightly higher
than the LBA and FVM results in the present study (B � 1=8),
although it is well known that an increase in the blockage ratio
should lead to an increase in St. 3 Furthermore, Okajima
(1982) found in his experimental investigation on rectangular
cylinders under free stream conditions a local maximum of the
Strouhal number at the same Reynolds number as Franke et al.
(1990) and the present study. In conclusion, the St data for
con®ned square cylinder ¯ow taken from the literature are
highly scattered. The corresponding values for free stream
conditions at least show a local maximum at the same Rey-
nolds number as in the present work, but the values cannot be
compared directly owing to the in¯uence of blockage. How-
ever, in view of these large deviations, the di�erences between
the computed LBA and FVM results are only marginal.

4.3.3. Drag and lift coe�cients
In the unsteady 2D ¯ow regime (606Re6 300) the near-

wake becomes unstable and a sinusoidal oscillation of the
shear layers commences, later forming the von K�arm�an vortex
street. In Fig 10(a), the time-averaged drag coe�cients in this
Re range are plotted for the three FVM computations. The
Cd�Re� curve has a local minimum at Re � 150. Up to

Re � 100 to 150 good agreement is achieved on the three dif-
ferent grids. However, for larger Re the Cd values on the
coarsest grid deviate strongly from the data on the two ®ner
grids, which are in close agreement. This discrepancy is clearly
caused by the insu�cient resolution of the cylinder vicinity for
the coarse grid, which plays a dominant role especially in the
Re range at which separation moves from the trailing to the
leading edge of the cylinder. Fig 10(b) shows a comparison of
the LBA and FVM results both obtained on the ®nest grid
level. The agreement between the LBA and FVM data is sat-
isfactory up to Re � 100. Above this value, the drag coe�-
cients computed by LBA are systematically higher.
Comparison of Fig. 10(a) and (b) shows that the LBA data on
the ®nest grid are in close agreement with the FVM on the
coarsest grid. Therefore, the deviations between LBA and
FVM results on the ®nest grids are expected again to be an
e�ect of insu�cient resolution for LBA, especially in the vi-
cinity of the cylinder.

No experimental or other numerical data for comparison
were found in the literature for the same in¯ow conditions and
blockage ratio. However, at least the computations of Franke
(1991) and Franke et al. (1990) for a square cylinder under free
stream conditions con®rm our ®nding of a local Cd minimum
approximately at the Reynolds number where separation is
initiated at the leading edge.

Finally, in Fig. 11 the variation of the drag coe�cient
(max�Cd� ÿmin�Cd�) and the lift coe�cient (max�Cl�ÿ
min�Cl�) are plotted for the FVM computations. The ampli-
tudes of the Cl oscillations are about one order of magnitude
larger than the corresponding drag values. The drag variation

Fig. 11. Variation of force coe�cient vs. Reynolds number for FVM results. (a) Drag variation, max�Cd� ÿmin�Cd�; (b) lift variation,

max�Cl� ÿmin�Cl�.

Fig. 10. Computed time-averaged drag coe�cient Cd vs. Reynolds number Re for unsteady ¯ow. (a) Comparison of di�erent FVM results; (b)

comparison of FVM and LBA results on ®nest grids.

3 Note that in the present study Re and St are based on the maximum

¯ow velocity of the parabolic in¯ow pro®le and that a rede®nition

based on the mean velocity would change the comparison with the free

stream case.
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increases progressively over the entire Re range, whereas for
the lift variation a degressive increase is observed up to
Re � 150 followed by an in¯exion point. The results on the two
®ner grids are in close agreement. Only on the coarse grid no
reasonable results are obtained above the in¯exion point owing
to the resolution problem already discussed. No data were
found in the literature for the variation of drag and lift of
con®ned square cylinders. Only the work of Franke (1991)
reports a similar curve for the amplitude of the lift coe�cient,
but for free stream conditions which make a direct comparison
impossible.

5. Conclusions

A lack of accurate and detailed data was found in the lit-
erature for the con®ned laminar ¯ow past a square cylinder,
which initiated the present work. In order to generate reliable
numerical results, two totally di�erent approaches were ap-
plied to investigate the 2D ¯ow past a square cylinder inside a
channel (B � 1=8) for the Reynolds number range
0:56Re6 300. For both methods, a lattice-Boltzmann auto-
mata developed for equidistant orthogonal lattices and a
general-purpose FVM, grid independence of the results was
investigated ®rst. For steady ¯ow (Re < 60) excellent agree-
ment between the LBA and FVM results was found for the
length of the recirculation region. Small deviations were de-
tected for the drag coe�cients in the lower Re range. The
unsteady ¯ow computations impressively demonstrate the ca-
pability of the LBA to deal with instantaneous ¯ows. Velocity
pro®les at di�erent locations in the ¯ow ®eld (Re � 100) were
evaluated and compared with the FVM data, showing very
good agreement. Strouhal numbers were determined for the
entire Reynolds number range. Both methods provide a local
maximum of St at Re � 150. Compared with the scattered data
in the literature, the deviations between the LBA and FVM
results are almost negligible. Finally, drag coe�cients were
computed and compared. As is known from the literature for
square cylinders in free stream, the drag coe�cient of a con-
®ned cylinder also shows a local minimum at Re � 150. In
conclusion, the present work provides reliable and accurate
results for the con®ned cylinder ¯ow which were not available
before. The extension to 3D computations and higher Rey-
nolds numbers is the subject of further investigations within
ongoing research.
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